Abstract. The equivalence of the weak (pointwise) and strong convergence of a sequence of inner superposition operators is proved as well as the criteria for such convergence are provided. Besides, the problems of continuous weak convergence of such operators and of representation of a limit operator are studied.
Introduction
The study of well-posedness of boundary value problems for functional differential equations most often involves the study of various types of convergence of inner superposition operators [1] . Of particular interest are the pointwise and continuous convergence.
Recall the precise definitions. Let A ν : X → Y , A: X → Y , where ν ∈ N are the mappings between two Banach spaces X and Y . One says that the sequence A ν converges to A (S) strongly (pointwise), if A ν x → Ax in Y for all x ∈ X; (C) continuously, if A ν x ν → Ax in Y for any norm converging sequence x ν → x in X; (W) weakly (pointwise), if A ν x Ax in Y for all x ∈ X; (CW) continuously weakly, if A ν x ν Ax in Y for any weakly converging sequence x ν x in X. It is clear that in particular for the linear operators A ν (C) ⇔ (S) ⇒ (W) ⇐ (CW), while in each of the four cases this sequence is necessarily uniformly bounded, the limit operator A being linear and bounded. Note that in general (W) ⇒ (S), which can be observed from considering the example of a sequence of linear operators
It converges weakly (pointwise) to a zero operator, but does not converge strongly.
Here and in the sequel L p (0, 1) (for short, L p ) stands for the standard Lebesgue space of functions integrable on the interval (0, 1) with the power 1 ≤ p < ∞, equipped by the norm ||x|| p :
. The same example also asserts that (W) ⇒ (CW): it is enough to set x ν (t) := sin νπt observing that
The continuous weak convergence (CW) deserves a special discussion because of its importance in the study of variational convergence for optimal control problems [2] . Let X and Y stand for the duals of X and Y respectively and denote by A ν , A : Y → X the adjoints of the operators A ν , A: X → Y . By (S ) and (W ) denote respectively the strong and weak (pointwise) convergences of the sequence A ν to A . One has then the obvious implications
If, in addition, X is reflexive and Y is a uniformly convex (in particular, Hilbert) space, then
To show this, assume (CW) and consider an arbitrary subsequence of a sequence of operators {A ν } (for brevity we will use the same index ν). As A ν y A y for each y ∈ Y , then ||A y || X ≤ lim inf ν ||A ν y || X . On the other hand, according to the Hahn-Banach theorem there is a sequence {x ν } ∈ X, such that ||x ν || X = 1 and x ν , A ν y = ||A ν y || X . Extracting a weakly converging subsequence x νµ x, ||x|| X ≤ 1, and recalling that the continuous convergence of a sequence of operators implies the continuous convergence of any of its subsequences to the same limit ( [3] , Chapter II, § 20, Section VII), one sees that ||A νµ y || X → x, A y ≤ ||A y || X and hence A νµ y → A y . Therefore, the whole weakly convergent sequence {A ν y } ⊂ X is compact and thus A ν y → A y .
In this paper given the sequence of measurable functions g ν : [0, 1] → R and g: [0, 1] → R, we are interested in the relationship between the convergence properties (C), (W) and (S) of a sequence of respective linear inner superposition operators
For the above operators to be well-defined on the classes of measurable functions we are to impose the following conditions on the functions g ν and g (denoting from now on for the sake of brevity g 0 = g):
In fact, we will show that for the inner superposition operators
and write out the necessary and sufficient conditions for such convergence in terms of the functions g ν . It will be also shown, however, that in general even for such particular operators (S) ⇒ (CW) and hence in this case (CW) is stronger than (S).
Criteria for weak convergence
On the σ-algebra of measurable subsets e ⊂ [0, 1] define for all ν ∈ N ∪ {0} the functions µ g ν (e) := meas (g ν ) −1 (e) and their Radon-Nikodym derivatives
, for a.e. t ∈ (0, 1).
The methods of the explicit calculation of the latter in various particular cases are given in [1, pp. 21-23] . Also for any τ ∈ [0, 1] consider the sets
Further on we will write E(τ ) instead of E 0 (τ ) and omit the reference to τ when τ = 1. Let 1 < q ≤ p < +∞ and introduce the following set of conditions (the convergence is understood at ν → ∞):
≤ A for some A > 0 and for all ν ∈ N ∪ {0};
Here ∆ stands for symmetric difference between the sets. The following theorem contains the main result of this paper.
Theorem 1.
The following statements are equivalent:
Proof. (i) ⇔ (iii) has been proved in [4] . Furthermore, (i) ⇒ (ii) is evident. We will show therefore (ii) ⇒ (iv) ⇒ (i)
Step 1. (ii) ⇒ (iv). If (ii) holds, then the sequence {S g ν }, ν ∈ N ∪ {0}, is uniformly bounded, which implies (Q0) according to Theorem 1 of [5] . To prove (Q2), choose x = χ [0,τ ] , where χ e stands for the characteristic function of the set e
Step 2. (iv) ⇒ (i). Suppose that (Q0) and (Q2) hold. From (Q0) follows the uniform boundedness of the sequence {S g ν }, ν ∈ N ∪ {0}. Now observe that the linear span of the set
Moreover, one easily concludes
thus showing the statement.
Continuous weak convergence
Now turn to the continuous weak convergence of a sequence of inner superposition operators. In fact, the previous theorem implies (CW) ⇒ (W) ⇔ (S). The following example however shows that (S) ⇒ (CW).
Example I. Let
Clearly g ν → g, where g(t) = t, pointwise, and hence
Id standing for the identity operator). Nevertheless, they do not converge continuously weakly. In fact, supposing the opposite, we would obtain S g ν S g ν → Id weakly (pointwise) and, according to the previous result, even strongly, while actually
We derive now a criterion of a continuous weak convergence of a sequence of inner superposition operators. Introduce for each τ ∈ [0, 1], ν ∈ N ∪ {0} the set functions µ g ν (τ, e) := meas (g ν ) −1 (e) ∩ [0, τ] and their Radon-Nikodym derivatives
Further on we as usual omit the superscript if ν = 0. To calculate the above functions one can use the relationship
It is also worth noting that
for each τ ∈ [0, 1], where 1/p + 1/p = 1.
Theorem 2. Let 1 < q ≤ p < +∞. Then the following conditions are equivalent:
Proof. The necessity of (Q0) and (Q1) (or (Q0) and (Q2)) for the continuous weak convergence of S g ν to S g follows from the fact that (CW) ⇒ (W) ⇔ (S) for such operators. To show the necessity of (Q3) recall that (CW) ⇔ (S ) and note
To show the sufficiency of (Q0), (Q1) and (Q3), note that it is enough to prove (I) The sequence S g ν has uniformly bounded norms; (II) S g ν y → S g y for each y ∈ X 0 , where X 0 ⊂ L q , 1/q + 1/q = 1, is defined in the proof of Theorem 1. Due to Theorem 1 of [5] (I) ⇔ (Q0). Furthermore, from (Q0) and (Q1) it follows that
which together with (Q3) implies (II)
. The sufficiency of (Q0), (Q1) and (Q3) can be shown in a similar way referring to Theorem 1.
In practice one often has to deal with the particular case of the operators S g ν defined on a Hilbert space L 2 . For such a situation we give another useful criterion.
Theorem 3. Let 1 < q ≤ 2. Then the following conditions are equivalent:
Proof. (i) ⇔ (ii) is the general fact which does not depend on the particular form of the operators. In fact, assuming (CW), one has (W ), which obviously implies (ii). Conversely, assuming (ii), one has that for any
which together with (W) implies (i).
The implication (iii) ⇒ (ii) is evident. It remains thus to show (i) ⇒ (iii). Assuming (CW) one obtains (S ) and, according to Theorem 1, (S), wherefrom (iii) follows.
The above theorem leads to the following important conclusion on the continuous weak convergence of inner superposition operators generated by invertible functions. We need first an extra definition. 
→ L q continuously weakly, if and only if the following conditions hold:
(ii) g ν → g in measure;
(iii)
Moreover, under the above conditions necessarily
The proof follows immediately from the representation
Representation of limit operators
We point out that the strong and weak (pointwise) convergence of inner superposition operators are equivalent only under the assumption that the limit operator is also of the same type. In fact, a sequence of inner superposition operators can converge weakly to an operator which cannot be represented in the form (2) . 
Then the respective inner superposition operators S g ν : L p → L p , 1 < p < +∞, converge weakly to a limit operator S: L p → L p given by the formula
To show this it is enough to observe that the operators S g ν are uniformly bounded, for dµ g ν dm = 1, and the operator S is continuous, while
Moreover, the operators S g ν converge to S also continuously weakly, because S g ν converge to S strongly, which can be concluded from the fact that
However, in this example it is clear that the operators S g ν do not converge strongly. It is also worth noting that the limit operator is compact, while the inner superposition operator is never compact unless it is identically zero [1] .
In spite of this discouraging example for the weak convergence of inner superposition operators we have the following representation theorem for a limit of a strongly converging sequence of such operators.
Theorem 4. Let a sequence of inner superposition operators
Then S is an inner superposition operator generated by some measurable function g:
Proof. Setting x(t) = t we see that the sequence χ Eν g ν ∈ L q converges to some function. In an analogous way, considering x(t) = 1, we see that also χ Eν ∈ L q converges to some function, which is necessarily a characteristic function of some measurable set E ⊂ [0, 1]. Now pose by definitionḡ := lim ν χ Eν (t)g ν and
The values of g ν (t) when t ∈ E ν do not influence the construction of the operator S g ν , and hence we may assume that at these points g ν (t) = 2. Observe that due to the above constructions E = g −1 ([0, 1]) and meas E ν ∆E → 0. Thus it is easy to see that g ν → g in measure on E, because
Furthermore, one easily notes that the uniform boundedness of the sequence S g ν provides the estimate Having demonstrated the fulfillment of the condition (3) we in fact have shown the statement. Namely, it remains to refer to Lemma 2 from [4] , which asserts that S g ν x → S g x in measure, observing that then necessarily S g x = Sx.
